The spin asymmetries in SIDIS associated with T -odd TMDs are presented in a light-front quarkdiquark model of a proton. To incorporate the effects of the final state interaction, the light front wave functions are modified to have a phase factor which is essential to have Sivers or Boer-Mulders functions. The Sivers and Boer-Mulder asymmetries are compared with HERMES and COMPASS data.
I. INTRODUCTION
Transverse momentum dependent parton distributions (TMDs) [1, 2] are important to understand the single spin asymmetries (SSA) observed experimentally since a long time [3, 4] .
They give a three dimensional picture of the nucleons, together with the generalized parton distributions (GPDs) and represent non-trivial and non-perturbative correlations between the intrinsic transverse momentum of the partons (quarks and gluons) and the spin of the nucleon.
Of particular interest are the Sivers function [5] and the Boer-Mulders function [6] . At the parton level, Sivers function represents the coupling of the intrinsic transverse momentum of the partons to the transverse spin of the target. It quantifies the distribution of unpolarised quarks inside a transversely polarized target. Sivers effect is particularly interesting as it is sensitive to a phase interference in the amplitudes [7] related to the gauge invariance of the underlying QCD interaction [8] [9] [10] [11] . Namely, the Sivers function is non-zero only if it takes into account the gluonic initial and final state interactions. Such interactions are process dependent. The general structure of the process dependence may be quite complicated, however, Sivers function for semi-inclusive deep inelastic scattering (SIDIS) is expected to be negative to the Sivers function in Drell-Yan (DY) process [9, 10] . Sivers effect produces azimuthal asymmetry in SIDIS, that has been measured in experiment by HERMES, COMPASS and JLab [12] [13] [14] [15] . BoerMulders effect in Drell-Yan process has been investigated in Fermilab and preliminary results are available [16] . There is also recent data from W production at RHIC [17] . Another TMD that has gathered considerable interest recently is the Boer-Mulders function [6] , which gives the distribution of transversely polarized quarks in an unpolarised nucleon. This measures the spin-orbit correlations of quarks. Boer-Mulders effect produces a measurable cos 2φ azimuthal asymmetry in SIDIS. Like Sivers function, Boer-Mulders function is also process dependent, due to the initial and final state interactions.
There have been a lot of phenomenological studies on the Sivers as well as Boer-Mulders function (see, for example, [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] ). A lattice calculation is presented in [28] . Extraction of the TMD pdfs from experimental data usually relies on the following assumptions [24] : (i) factorization of the x dependent part of the TMD from the k 2 ⊥ dependent part , (ii) the k ⊥ dependent part is a Gaussian, (iii) in the extraction of the Boer-Mulders function, one usually assumes that it is proportional to the Sivers function. The TMD functions are parametrized in terms of several parameters including the average transverse momenta k ⊥ as a parameter, but still it uses the factorization between the x dependence and k ⊥ dependence. The current state of the art can be summarized by saying that the present data is insufficient to confirm the change of sign of the Sivers function between the SIDIS and DY processes, although there is a hint of such sign change from W − production data at RHIC [24] .
The Sivers and Boer-Mulders TMDs have also been investigated in various phenomenological models [27, [29] [30] [31] [32] [33] [34] . In fact the first model calculation of the Sivers asymmetry in [7] showed the importance of the phase difference of the overlapping amplitudes to get a non-zero asymmetry.
Model studies are also interesting to understand various relations between the TMDs and
GPDs. An intuitive explanation of the Sivers effect was developed in [35] in a model-dependent way. The average transverse momentum of an unpolarised quark in a transversely polarized nucleon generated due to the Sivers effect is related to the distortion in impact parameter space through a lensing function, which is the effect of final state interaction. This relation is found to hold in spectator-type models to the lowest non-trivial order, although expected to break down when higher order effects are taken into account. This relation is not expected to hold in models where the so-called lensing function does not factor out from the GPD in impart parameter space. This relation shows the connection of the Sivers function with the orbital angular momentum (OAM) of the quarks although depending on the model. A similar modeldependent relation is derived in [36] between the Boer-Mulders function, which is related to the first derivative of the chiral odd GPDs E T + 2H T in the impact parameter space though the lensing function. Sivers function and Boer-Mulders function are time-reversal (T) odd functions whereas the GPDs above are T-even, and no model independent relation can be derived connecting them. Of course, GPDs and TMDs can be connected through different limits of the generalized transverse momentum dependent pdfs (GTMDs). The light-front quark-diquark model [37] has been briefly discussed in the next section. The model has been used to investigate Wigner distributions, GPDs and T-even TMDs [38] [39] [40] . The model is also found to predict the single-spin asymmetries described by T-even TMDs (Collins asymmetries) quite accurately at different experimental scales [41] . In this work, the model has been extended to incorporate the final state interactions(FSI) into the light front wave functions. The FSI generates a phase in the wave function which is responsible for non-zero Todd TMDs i.e., Sivers and Boer-Mulders functions and hence the spin asymmetries associated with them. The spin asymmetries evaluated in this model are compared with the experimental data using the QCD evolution prescribed by Abyat and Rogers [42] .
II. LIGHT-FRONT QUARK-DIQUARK MODEL FOR NUCLEON
In the light-front quark-diquark model, the proton state is written in a linear combination of quark-diquark state with the scalar and axial-vector diquark, considering the spin-flavor SU (4) structure [37, 43, 44] as
Where, C S , C V and C V V are the coefficient of the isoscalar-scalar diquark singlet state |u S 0 , isoscalar-axial vector diquark state |u A 0 and isovector-axial vector diquark state |d A 1 respectively. S and A represent the scalar and axial-vector diquark with isospin at their superscript.
Under the isospin symmetry, the neutron state is defined by the above formula with u ↔ d.
The light-cone coordinated x ± = x 0 ± x 3 . We choose a frame where the incoming proton does not have transverse momentum i,e. P ≡ P + , M 2 P + , 0 ⊥ . However, the struck quark and diquark have equal and opposite transverse momentum:p ≡ (xP + ,
. Here x = p + /P + is the longitudinal momentum fraction carried by
the struck quark. Detail kinematics of γ * P → q(qq) are given for tree level and final-stateinteraction diagram in the Fig.1 .
The two particle Fock-state expansion for J z = ±1/2 for spin-0 diquark state is given by
where |λ q λ S ; xP + , p ⊥ is the two particle state having struck quark of helicity λ q and a scalar diquark having helicity λ S = s(spin-0 singlet diquark helicity is denoted by s to distinguish from triplet diquark). The state with spin-1 diquark is given as [45] |ν
Where |λ q λ D ; xP + , p ⊥ represents a two-particle state with a quark of helicity λ q = ± 
III. FINAL STATE INTERACTION AND T-ODD TMDS
The final state interaction [46] produces a non-trivial phase in the amplitude and gives nonvanishing T-odd TMDs along with the T-even TMDs. There are two T-odd TMDs, f
, at the leading twist. The contribution of FSI is incorporated in the wave functions [47] and the wave functions are modified with spin dependent complex phases as:
and
Where,
and,
M, m q , m D and m g are mass of proton, struck quark, diquark and gluon respectively. We take i (x, p ⊥ ) are modified form of the soft-wall AdS/QCD prediction as [48] 
introducing the parameters a The unintegrated quark-quark correlator for polarized SIDIS is defined as
with a flavour ν. The summations over the color indices of quarks are implied.
Wilson line, the effect of which is incorporated in the LFWFs in terms of FSI. Here, p is the momentum of the struck quark inside the nucleon of momentum P, spin S and
is the longitudinal momentum fraction carried by struck quark. We choose the light-cone gauge
The nucleon with helicity λ N has spin components S
, and S T .
At leading twist, the T-odd TMDs are defined as
where the ellipses indicate the terms involving T-even TMDs.
Using the Eq. (1) in the Eq.(11) the correlators for transversely polarized proton are written in terms of overlap representations as
Where, λ q , λ D = ± represent the helicity of quark and diquark respectively. In the Eq.17 the quark polarization is taken along x-axis, j = 1. The first term in the right-hand-side is for the scalar diquark and the second term is corresponding to the vector diquark. Note, the first terms in the right-hand-side of the two Eqs. 
Where (18) with struck quark mass m q and diquark mass m D . In the final state interaction, gluon exchange 
Moment of the Sivers functions, defined as
are shown in Fig.2 at the initial scale and compared with the spectator model [44] . Our model result for u quark does not have any positive peak like the spectator model. The scale evolution of the distributions are not included in the spectator model.
According to Burkardt sum rule [53] , the net transverse Sivers momentum when summed over all the constituents is zero. In the quark-diquark model, the constituents are quarks(q) and diquarks(D) only and the statement can be written as: [14] and COMPASS [13, 52] collaborations.
The sum rule in terms of Sivers function can be written as [19] i=q,D
1T (x) = 0.
In a scalar diquark model, it was shown [54] that the Sivers functions for the quark and diquark are related by
The same relation also holds in our model when averaged over the vector diquark polarizations and the Burkardt sum rule is satisfied.
In Fig.3 , the x∆ N f (1) (x) are presented at the scale µ = 1 GeV and compared with the phenomenological fit from the HERMES and COMPASS data. The moment of the Sivers
where
In Fig.4 , we show our model result for moment of Boer-Mulder functions, defined as at the initial scale and compare with the spectator model.
In this model, we observe
From Eq. (16) and Eq. (17), we can easily see that Boer-Mulders function is proportional to the Sivers function. In fact, Boer-Mulders function is parametrized [26] as
The Table I shows our model result of λ ν and compared with the result of HERMES and COMPASS data fits [26] for cos 2φ asymmetry in SIDIS. The results indicate that Boer-Mulders functions are negative for both u and d quarks. 
IV. SIVERS ASYMMETRY AND BOER-MULDERS ASYMMETRY
The Sivers Asymmetry correlates between transverse momentum of parton and transverse polarization of nucleon. In the SIDIS precesses, Sivers asymmetry can be extracted by incorporating the weight factor sin(φ h − φ S ) as
Where ↑, ↓ at the superscript of P represent the up and down transverse spin of the target proton. According to the QCD factorization scheme the Semi-Inclusive Deep Inelastic Scattering(SIDIS) cross-section for the one photon exchange process N → hX is written as
Where the second term represents the hard scattering part which is calculable in pQCD. The soft part is factorized into TMDs, denoted byf ν/P (x, p ⊥ ; Q 2 ) and fragmentation functions (FF),
. This scheme holds in small P h⊥ and large Q region, P 2 h⊥
The quark-gluon corrections and higher order pQCD corrections become important at large P h⊥ regime [44, 55, 56] . The TMD factorization is presented for the SIDIS and the DY processes in [57] [58] [59] [60] [61] and latter on used in [42, 51, 62, 63] . The kinematic variables are defined in the γ * − N center of mass frame as
Bjorken scaling x B = Q 2 2P.q with Q 2 = −q 2 . The fractional energy transferred by the photon in the lab system is y and the energy fraction carried by the produced hadron is
transverse momentum of the fragmenting quark is denoted as k ⊥ . The momentum of the virtual photon q ≡ (x B P + ,
x B P + , 0 ⊥ ) and of the incoming proton P ≡ (P + ,
The struck quark have non-zero transverse momentum p ⊥ with the momentum p ≡ (xP + ,
(1−x)P + , −p ⊥ ). In this frame, the produced hadron has a finite transverse momentum P h⊥ . At O(p ⊥ /Q), the relation between p ⊥ , k ⊥ and P h⊥ is given as k ⊥ = P h⊥ − zp ⊥ . The transverse momentum of produced hadron makes an azimuthal angle φ h with respect to the lepton plane and transverse spin(S P ) of the proton has an azimuthal angle φ S . Then the SIDIS cross-section deference [64] in the numerator can be written as
The weighted structure functions, F
, are defined as Similarly, the denominator can be written as
Thus Sivers asymmetry can be written in terms of structure functions [64] as
In this model, the explicit form of the Sivers functions is given in Eq.16 and the unpolarized TMDs is given in [39] . The model result for Sivers asymmetries are shown in Fig.5 in the π + and π − channels and compared with the HERMES data [14] in the kinematical region 0.023 < x < 0.4, 0.2 < z < 0.7, 0.31 < y < 0.95, and P h⊥ > 0.05 GeV.
To compare with the data, f ⊥ν 1T (x, p 2 ⊥ ) are taken at initial scale and f ν 1 (x, p 2 ⊥ ) are evolved to µ 2 = 2.5 GeV 2 following the QCD evolution [42] . For another apporach of QCD evolution of TMDs, see [65, 66] . Though qualitatively our results agree with the HERMES data, but our predictions in π + channel is a bit smaller than the data whereas for π − channel, the model predictions are in good agreement with the data. This may be due to the fact that our model prediction for the Sivers function for u-quark is smaller than the phenomenological fit(see Fig.   3 ). , are shown by the continuous (red) lines for π + (upper row) and π − (lower row) channels and compared with the HERMES data [14] . f ⊥ν 1T (x, p 2 ⊥ ) are taken at initial scale and f ν 1 (x, p 2 ⊥ ) are evolved to µ 2 = 2.5 GeV 2 following the QCD evolution [42] . The fragmentation function D h/ν 1 (z, k ⊥ ) are taken as a phenomenological [67] input at µ 2 = 2.5 GeV 2 .
The Boer-Mulders asymmetry can be projected out replacing the weight factor in the Eq.28 . The continuous (red) lines represent the model prediction and the data are measured by HERMES collaboration [26, 68] . h ⊥ν 1 (x, p 2 ⊥ ) are taken at initial scale and f ν 1 (x, p 2 ⊥ ) are evolved at µ 2 = 2.5 GeV 2 following the QCD evolution [42] . The fragmentation function H ⊥ν 1 (z, k ⊥ ) are taken as a phenomenological [69, 70] input at µ 2 = 2.5 GeV 2 .
by cos(2φ h ) and written in terms of structure functions [64] as
The Boer-Mulders function in this model is given in Eq.17. We use the unpolarised fragmen- data [71] . h ⊥ν 1 (x, p ⊥ ) are taken at initial scale and f ν 1 (x, p ⊥ ) are evolved at µ 2 = 2.5 GeV 2 following the QCD evolution [42] . The fragmentation function H ⊥ν 1 (z, k ⊥ ) are taken as a phenomenological [69, 70] input at µ 2 = 2.5 GeV 2 . tation and the Collins function H ⊥ν 1 (z, k ⊥ ) as phenomenological inputs [67, 69] .
with
Where z = P − h /k − is the energy fraction carried by the fragmenting quark of momentum k.
The values of the parameters are listed in [69] and D h/ν 1 (z) is taken from the phenomenological extraction [67] . Our model prediction to Boer-Mulders asymmetry is shown in Fig.6 . We compare our model result with the HERMES data [26, 68] in the kinematical region 0.023 < x < 1.0, 0.2 < z < 1.0, 0.3 < y < 0.85, and P h⊥ > 0.05 GeV.
The Boer-Mulders asymmetries agree with the HERMES data within error bars, except the plot with respect to z in π − channel (Fig.6) . The A cos(2φ h ) U U asymmetry gets a twist-4 contribution due to Cahn effect [26] which is not included here.
Similarly, cos(φ h )-weighted asymmetry also receives contribution from Cahn effect and BoerMulders function and is defined [64] by
. (43) The model result for the asymmetry A cos(φ h ) U U is shown in Fig.7 for π + and π − channels and compared with the HERMES data [71] . Recently, Boer-Mulders function and the Cahn effects have been extracted from the experimental data of cos 2φ h and cos φ h weighted asymmetries [72] .
V. SPIN DENSITIES
The spin density of unpolarised quarks with flavor ν in a transversely polarized proton is defined [73] as
Here for SIDIS process, we takeP is along the direction of the momentum transferẑ-axis and the the spin of the proton S is alongŷ. The spin density f ν/p ↑ (x, p ⊥ ) in the transverse momentum plane are shown in for u quark and towards right for d quark. This left-right distortions in the distribution is observed first time by D. Sivers [5] and can be explained by the non-vanishing Sivers function
. This is known as Sivers effect, where the quarks in a transversely polarized target have a transverse momentum asymmetry in the perpendicular direction to the nucleon spin S.
The left distortion is due to the negative distribution of Sivers functions for u quark and the right distortion is due to the positive distribution of Sivers function for d quark. Similar kind of distortions are observed in other model calculations [44] as well as in lattice QCD [74] .
Similarly, the spin density for transversely polarized quarks with flavor ν in an unpolarized proton is defined [73] as
Where s is the spin of the interior quark. The spin density f ν ↑ /P (x, p ⊥ ) is shown in Fig.9 for quark spin s alongŷ with x = 0.2. Since Boer-Mulders functions are negative for both u and d quarks, we observed only a left-shift, unlike Sivers effect, as obtained in Fig.9 .
Sivers function is related with the anomalous magnetic moment and the orbital angular momentum of partons. The Pauli form factor defined by the correlator with helicity-flip vector current, is written in terms of overlap representations as
The anomalous magnetic moment κ ν can be found from the Pauli form factor in the limit
A simple relation between integrated Sivers function(over p ⊥ ) and anomalous magnetic moments is found as
In this model, the relation can not be derived analytically, however numerical calculation gives the lensing function as
Similar type of lensing function is found in [75] . In the Ref. [76] ,
η where η is typically around 0.4 but η can vary between 0.03 and 2.
The total longitudinal angular momentum of parton ν is defined in terms of the moment of the GPDs as
In the forward limit, moment of the E and H GPDs satisfy
Where n u = 2 and n d = 1 for proton. From iso-spin symmetry flavored anomalous magnetic moments are κ u = 1.673 and κ d = −2.033. GPDs are discussed in this model [40] . We define κ ν = dxκ ν (x) and κ ν (x) = E ν (x, 0, 0). Therefore, the Eq.49 is modified as
Thus the longitudinal angular momentum can be calculated from the moment of Sivers function and unpolarised TMDs as
In this model, we obtain J u = 0.9559 and J d = −0.5791.
Total contribution to the nucleon spin from u and d quarks is 0.3768 at the initial scale µ 0 = 0.8 GeV . Cloudy bag model [77] and lattice calculations predict total angular momentum contribution about 0.24 at a scale of µ 2 = 4 GeV 2 .
VI. CONCLUSIONS
We have presented the results for T -odd TMDs namely, the Sivers and Boer-Mulders func- for both π + and π − channels.
Sivers and Boer-Mulders functions help us to understand the spin structure of the proton at the parton level. Due to Sivers effect the spin density of an unpolarised quark in a transversely polarized proton is found to be asymmetric in the perpendicular direction to the nuclear spin.
The distortions due to Sivers effect in our model for both u and d quarks are consistent with the results found in other models and lattice QCD. Since the Sivers function is negative for u and positive for d quark, the distortion for u quark is in opposite direction of the d quark.
Similarly, Boer-Mulders function produces the distortion in the spin density of a transversely polarized quark in a transversely polarized proton. Since Boer-Mulders function has the same sign for both u and d quarks, the distortions in the spin densities are also in the same direction.
Sivers function integrated over the transverse momentum is related to the anomalous magnetic moment through the lensing function. Our model predicts that the lensing function should go as (1 − x) −1 .
